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Abstract. We give a formula of the framed one-leg orbifold Gromov-Witten 
vertex where the leg is gerby with isotropy group Z m . Then we use this formula 
to compute the Gromov-Witten invariants of the local BZ m gerbe. We will 
also compute some examples of the degree 1 and degree 2 Z2-Hodge integrals. 



1. Introduction 

For smooth toric Calabi-Yau 3-folds, the Gromov-Witten theory is obtained by 
gluing the Gromov-Witten topological vertex [3], a generating function of cubic 
Hodge integrals. So the topological vertex, which is computed in [18], can be 
viewed as the building block for the GW theory of smooth toric Calabi-Yau 3-folds. 
In the orbifold case, a vertex formalism for the orbifold GW theory of toric Calabi- 
Yau 3-orbifolds is established in [30]. For toric Calabi-Yau 3-orbifolds, the orbifold 
GW theory is obtained by gluing the GW orbifold vertex, a generating function of 
cubic abelian Hurwitz-Hodge integrals. So the orbifold GW vertex can be viewed 
as the building block of the orbifold GW theory of toric Calabi-Yau 3-orbifolds. 

In this paper, we prove a formula of the framed one-leg orbifold Gromov-Witten 
vertex where the leg is gerby with isotropy group Z m . This formula can be viewed 
as a counterpart of the case where the leg is effective [35]. Unlike the effective 
case, the initial value of our vertex can not be computed by Mumford's relation. 
So we will use virtual localization and vanishing properties of certain relative GW 
invariants of the nontrivial Z m -gerbes over P 1 to obtain a system of linear equations, 
from which we can solve the initial value. After that we will use localization on 
certain moduli spaces of relative stable morphisms to the trivial Z m -gerbes over 
P 1 to obtain the framing dependence of the vertex. We also use our formula to 
compute the GW invariants of the local BZ m gerbe. 

In section 5, we will calculate the degree 1 and degree 2 Z2 -vertices more explic- 
itly. Then we will use these results to calculate the prediction of some Z 2 -Hodge 
integrals in [30]. These results can be viewed as an evidence for the conjecture of 
the orbifold GW/DT correspondence in [30] . 

After the first version of this paper, our formula was used to prove the orbifold 
GW/DT correspondence in [3T]. The strategy there is to rewrite the DT vertex 
in terms of the loop schur functions developed in [35] and [TS] to obtain some 
useful combinatorial properties of the DT vertex. Then since our formula for the 
GW vertex involves a certain kind of orbifold rubber integrals which have strongly 
combinatorial properties (see section 3), one can prove the GW/DT correspondence 
by proving certain purely combinatorial identities. 
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1.1. Formula for the vertex. 

1.1.1. Framing dependence of the vertex. Let SA gn (BZ m ) be the moduli space of 
stable maps to BZ m where 7 = (71, • • • , 7„) is a vector of elements in Z m . Let U 
be the irreducible representation of Z m given by 

c/ :Z m ^C*,0 t/ (l) = e 2 ^ EI 
Then there is a corresponding Hodge bundle 

E u ^M g , 7 {BZ m ) 

and the corresponding Hodge classes on M g 7 (BZ m ) arc defined by Chcrn classes 
ofE u , 

Similarly, for any irreducible representation R of Z m , we have a corresponding 
Hodge bundle E R and Hodge classes Af . Let M g , n be the moduli space of stable 
curves of genus g with n marked points and let ipi be the i th descendent class on 
■M.g,n, 1 < i < n. Let 

e : jA gn (BZ m ) -t M g , n 
be the canonical morphism. Then the descendent classes \pi onM 9 „ are defined 

by 

Let 

A^ R (u) = u^ ER AfV^*" 1 + • • • + (-l) rkB *A* B « 

where rk E R is the rank of E R determined by the orbifold Riemann-Roch formula. 
Let d be a positive integer and let 

be a Z m -weighted partition of d. Here, /i is a partition of d with parts /x, and 
hi e Z m . Let 

,im= * cp) □ ^ (7i) 

such that fc; = if and only if i E A'(ji). Let = \A'(jl)\ and Z"(/J) = \A"(jl)\. 
For any /Z, we use the notation — /I to denote — fci), • • • , (^i(^), 

Now we require 7 = (71, • • • , j n ) be a vector of nontrivial elements in Z m . Then 
for t e — Z, we define G Si jj ;7 (r) m as 

(x/=T) l7W)-2 £ ie .„ (7r) =^ ( T(r + i))EJ2 g H; „ ; «/.,r + *t + j) (^r + & ^ 



Aut(/x)| jLi M»! \ Mi 



-/_ 



(-r(r + l))-«A^(r)A^ v (-t - l)A^.i(l) 



/AT 9 , T+fc (ez m ) Il!=i(l-W^) 

where 7 + A; denotes the vector (71, • • • , 7„, fci, • • • , V>i corresponds to fcj, ?7 V 

and 1 denote the dual of ?7 and the trivial representation respectively, 

x = 0, 

and 

if all monodromics around loops on the domain curve are trivial 



s , x = { J; 



' " otherwise. 
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Introduce formal variables p = (p(ij))iez + .je{o,--- ,m-i}, % — 1 1 1 ,x m -i) and 
define 

Pjt = P(jUi,/ci) ' ' ' P(p,i(jz),ki(jz))i X ~f = X 7l ' ' ' X 7n 

for 71 and 7. We use the more intuitive symbol 7! to denote | Aut(7)|. Then we 
define the generating functions 

00 

G Pl7 (A;r) m = ^A 2 »- 2 +'W +, WG 9Sl (r) m 

3=0 

G*(A;T;p;x) m = exp(G(A; r;p; x) m ) = ^ Gp 7 (A; r) m pp:^ = 1 + ^ G£(A; r; a;) m f>p 

P>7 

^, 7 (A;r) ro = J] ^ X+ ' (7r)+ ' (7) G*^, 7 (r) m 

X e2Z, X <2i(7T) 

When taking the sum over 7, we set the following convention for 7: if i < j, then 
7j > 7, where 71, • • • , 7« are viewed as elements in {I, • • • , m — 1}. 

In section 3, wc will define an orbifold rubber integral H'(~p,V) m and its gen- 
erating function 

\-x+i{V)+i(v)+i{i) x 

«£,p(A; *)™ - L ( - x + * (7 ;) + *(i7))! ^>' ^ 

Define G d (r) = (G£(A; r; a;)™)^^ and G d (0) = (G£(A; 0; x) m )| JI | =d to be two 

column vectors indexed by 17 and ~p respectively. Let $a(r) = (^'"(t))^^^^^ 
be a matrix indexed by 77 and /J, where 

1 _2_ 1 _2i 1 2(m-l) 

and Z77 = I Aut(77)|m^ 1 '^ n!=i ^i- Then we have the following theorem 
Theorem 1. $d(r) is invertible and 

G d (r) = ^(t)- 1 ^), 

or equivalently, 

G±(\;T;x) m = G*(A;0;a;)„ l Z T7 $l 77JI (v /T TTA;x) m . 



M=lPl 



2(m-l) 



where x = (y— T m a;i, • • • , V— T m Xi, • • • , v~ T m i m -i). 

We will calculate ff* (/J, V) m and $1-(A; x) m in section 3 in two different ways. 
One way is to relate H'(jI,V) m to usual double Hurwitz numbers and the other 
way is to give H' (JJ, 77) m an intrinsic combinatorial expression using representa- 
tions of the wreath product. Concretely, we will prove the following theorem: 

Theorem 3.5 (Burnside type formula for H° (ji,V) m ): 

„ XjCp) Xj(v) !™ 
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where F f (r ) = ^ and Fj{ Pli ) = E™" 1 l^)^" 22 ^ 1 • 



Theorem 3.5 implies that 

Xj (m) J 



|f|=d - i=l 

So Theorem 1 expresses our framed orbifold Gromov-Witten vertex G^-(A;r;x) m 
in terms of its initial value G^-(A; 0; x) m and the rubber integral H' r/ (~p,v) m . 

1.1.2. Calculation of the initial value. For any integer ci > 1, s e {1, • • • , m — 1} 
and Z G Z m , let 

w d(0 = -l-ds e z m . 

Similarly, for any Z m -weightcd partition F = {(t'l, Zi), • • • , (f/r^), Zjr^))}, let 
w s (77) = {(^.^(/i)),"- >(*V)'< M (V)))}- 

Let 

B d = {v\\v\<d,m = l"m 

c d = {(p, s)\n = v,s = s(rj), fci = o, -w s (p\ /d)}) = ?7\ /n)}, \rt\ < d, m = 

where s — s(rj) is a function that we will explain in section 4.4. Let 

1_JL 1- 2 '— 1 ' 

,t=(V-1 m xi,---,V-l m Xi,---,V-l m x m -i), 
then we define 

lfl=lPl,Kl)=«'(I) 

and 

= (G^(A; 0; x) m ) 7?eBti 
to be two column vectors indexed by (~p, s) and rj respectively. Let 

^X-,x) = (^f' s) ' 7i (X-,x)) {7ltS)eCdmBd 
be a matrix indexed by (/Z, s) and t], where 

r o, ifi^i > |m| 

I E|^=|p|-|,|,,(|)=r©^;0;x) m ^. ( _^ ) #l w . ( _^ ) ^(-^A;x) rn m < |m| 
Then we have the following theorem 
Theorem 2. $ d (A;x) is invertible and 

G' d = ^-\\-x)p d 

Theorem 2 in fact determines G^(A; 0; x) m for any 7* because of the following 
two results that we will show in section 4: 

(1) For any ~p with k\ = ■ ■ ■ = /v;qj) = we have 



G£(A;0;x) m - , . , „ f[ ( - 



Aut (M)l^\ 2m/i j sin(^) 
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(2) For any V, let £ = {{v u k)\i e A'(v)} and rj = {(z/j, k)\i £ A"(v)}. Then 
G^(A; 0; x) m — G|-(A; 0; x) m G^(\; 0; x) rn . 

Therefore, the only nontrivial vertices are those G^-(A; 0; x)2 with k\, ■ ■ ■ , fc;(jf) non- 
trivial and Theorem 2 calculates all of them. 

We will also calculate the degree 1 and degree 2 Z2-vertices more explicitly 
in section 5. Then we will use these results to calculate the prediction of some 
Z2-Hodge integrals in [3D]. These results can be viewed as an evidence for the 
conjecture of the orbifold GW/DT correspondence in [3D] . 

1.2. The Gromov-Witten Invariants of the Local B7L m Gerbe. Let X be the 

global quotient of the resolved conifold Tot(C(-l) © O(-l) -> P 1 ) by Z m acting 

fiberwise by £ m and £~ 1 respectively, where £ m = e . Let J^o = P 1 X SZ m be the 
trivial Z m gerbe over P 1 . J^o can be viewed as P 1 with root construction [6] of order 
m for Opi . Then X can be identified with r Tot(L ®Gy {-l)@LQ 1 ®Oy (-l) -> 
where i is the tautological bundle on J^o- 
Define C* , „ to be 

C*, d , 7 = /_ e(ijVF* (L ® ^ (-1) 8 ("!))) 

■/[^•^(yo.rf)]- 1 ' 

where 7W X7 (3^o,^) is the moduli space of degree d stable maps from a possibly 
disconnected curve with Euler characteristic x an d with monodromies 7 around 
marked points to J^o, 

is the universal domain curve and 

F : U -> 

is the evaluation map. Let 

C rf -(A;x) = ^A-^WC- id , 7 ^ 

Then we have the following theorem which gives the Gromov-Witten invariants of 
the local B"L m gerbe 

Theorem 3. 

C' d (\;x) = Yl (-l)^'' (7I) G^(A;0; a ;)„ l Z F G^(A;0; a :) m 

1.3. Acknowledgments. I wish to express my deepest thanks to my advisor Chiu- 
Chu Melissa Liu. When I encountered difficulties, she discussed problems with me 
patiently and helped me to find many important references. Her guidance has 
been always enlightening for me. Her papers [18] [19] [21] [22] guided me through 
the whole process of this work. This paper could not be possible without my 
advisor Chiu-Chu Melissa Liu. I also wish to thank Dustin Ross for his helpful 
communications which are important for this paper. 
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2. Moduli Spaces of Relative Stable Morphisms 

2.1. Moduli spaces. Fix an integer m > 1. For any integer s with < s < m — 1, 
let 34 be the root construction [5] of order m for O p i (— s). Then 34 = P 1 x is 
the trivial gerbe over P 1 and 34 is the nontrivial gerbe over P 1 for 1 < s < m — 1. 
For any integer a > and < s < m — 1, let 

34 [a] = 34 u %(i) u • • • u y 0(a) siy.u ((p| 1} u • • • u p[ a) ) x BZ m ) 

be the union of 34 and a copies of 34, where 34 is glued to 34(1) at and 34(() is 
glued to 34(z+i) at Pi for 1 < I < a — 1. We call the irreducible component 34 the 
root component and the other irreducible components the bubble components. A 
point 7^ p^ is fixed on 34(a)- Denote by 7r s [a] : 34 [a] — > 34 the map which 

is identity on the root component and contracts all the bubble components to p^ . 
Let 

yo(o) = y (i)U..-uy (a) 

denote the union of bubble components of 34 [a] ■ 
Let 7 = (71, • • • , 7„) be the vector of integers 

1 < 7, < m — 1 

defining nontrivial elements 7^ € Z m . Let 

be a Z m -weighted partition of an integer d > 0. Here, /1 is a partition of d with 
parts /ii and ki £ Z m . Let 

{l,--- ,m}=A'(p)UA"(p) 

such that fej = if and only if i E A'(jl). Let l'{j£) = \A'(jl)\ and l"(jb) = \A"(]l)\. 
We set a convention for /I as follows: If i < j, then (ii > ; if in addition /i^ = /ij, 
let c = gcd(/Xi,m), fc^ = fci(mod c) and fcj = fcj(mod c), then fcj > ki where ki,kj 
are viewed as elements in {0, • • • , c — 1}; if in addition kj = ki, then kj > fc; where 
fci, fcj are viewed as elements in {0, • • • , m — 1}. We also set the convention for 7: 
If i < j, then jj > 7.; where 71, • • • ,j n are viewed as elements in {1, • • • ,m — 1}. 

For any < s < m — 1, let M. gn {y s ,~p) be the moduli space of relative maps to 
(34,oo). Then a point in -M ff , 7 (34, ~P) is of the form 

/ : (C.sgi,-- - ,x n ,y lr -- ,yi(ji)) {y s [a\ , p[ a) ) 

such that 

as Cartier divisors and the monodromies around yi and Xj are given by fcj and 
7j respectively. For a more general discussion of moduli spaces of relative stable 
morphisms to orbifolds, see pQ. 

We will also consider the disconnected version A4 X 7 (34, ~p), where the domain 
curve C is allowed to be disconnected with 2(h°(O c ) — h°(O c )) = \- Similarly, if 
we specify ramification types V, ~p over 0, 00 e 34, we can define the corresponding 
moduli spaces M. gn (y si v, ~p) and M. x l {y s ,V,~p) of relative stable maps. 
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2.2. Torus action. Consider the C*-action 

t-[z°: z 1 } = [tz° : z 1 } 

on P 1 . This action lifts canonically on y s for any < s < m — 1. This induces 
an action on y s [a] with trivial actions on the bubble components. These in turn 
induce actions on the moduli spaces M gtJ (y s ,Ji), M x/y (y s ,~p), M gn (y s ,~P,~p) and 
M* xri (y s , t 7 , ~fi)- Define the quotient space M* x 7 (y S} T', ~p)//C* to be 

J? xn (y s ,V 7 Jl)//C* = {M x „{y s ,V,Ti)\J? xn {y s ,V,T[f*)/C* 

2.3. The obstruction bundle. For any < s < m — 1, let 

7T S : u s -> M' Xi7 (y s ,~p) 

be the universal domain curve and let T s be the universal target. Then there is an 
evaluation map 

F S :U S ^ T s 

and a contraction map 

TLs : Ts -> 34- 

Let L s = ^/Opi (— s) be the tautological line bundle on 34 corresponding to the 
root construction. Then over each point of y s , the isotropy group Z m acts on the 
fiber of L s by multiplication by e 27 ™/ m . 

Let T> s C U s be the divisor corresponding to the I (~p) marked points {yi , • • • , Ui(jz) } 
and let V' s C U s be the divisor corresponding to those marked points in {y\, • • • , y^-p)} 
which have trivial monodromies i.e. those marked points yi with i e A'(JI). Define 

where F = n o F : Uo — > 3^0 an d Po = 0,pi = oo e y . The fibers of V§ and Vjj 
at 

[/ : {C,X!,. . . ,x n ,yi, ■ ■ ■ ,y m ) -> 3 7 o[a] ] € AT'^o, m) 
are tf^C, f^L {-D' )) and ff^C, /q (Lq 1 ® Oy (-p ))), respectively, where D' = 
J2ieA'(ji) Vii and fo = *o[a\ fo- Note that 

H°(C,^L (-D' )) = H°(CJ^L^ ® O>b(-po))) = 0, 
so and Vg d are vector bundles of ranks Z'(7Z) - | + J2ieA"(jx) m + Sj=i „ and 
d - § + Die A" (71) ^^^r 1 + Sj=i respectively. The obstruction bundle 

v° = vg e yg d 

has rank — x + d + /(jl) + n which is equal to the virtual dimension of M* x i7 (343, m)- 
For 1 < s < to — 1, define 

VS„ = ^(Tr.J.F/^^Oy.C-po)), 

where F s — n s o F s : U s ^ y s and p = 0,pi = 00 <G 34- The fibers of and V^ d 
at 

[/ = (C,xi, . . . ,x n ,yi, ■ ■ ■ ,y m ) -> 3M a ] ] e ^4*^(34, 7*) 



s 
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areiJ 1 (C, f*L a ) and i? 1 (C, f*(L s 1 <S>Oy s (— po))), respectively, where f s = TT s [a]of s . 
Note that 

H°(Cj;L s )=H°(CJ:(L- 1 ®Oy s (-p ))) = 0, 
because deg/*L s and degf*(Lj x ® Oy 3 (— Po)) are less than zero. So and V£ 
are vector bundles of ranks ^ - § + E; e A»(p) § + £"=l 1 and ilI ^ £M ~ 2 + 
SieA"(jr) ^^T* + Sj=i ^l^r 1 ' respectively. The obstruction bundle 

has rank — x + d + 1" (jl) + n which is less than the virtual dimension of A^ x 7 (34, A*) 
if ki = for some 1 < i < / (7^*) - 

We lift the C* -action to the obstruction bundle V s for < s < m — 1. It suffices 
to lift the C*-action on y s to the line bundles L s and Lj 1 ® 0;y s (— po). Let the 
weights of the C*-action on Lq 1 (g) Oy (— Po) a t Po an d pi be — r — 1 and — r, 
respectively and let the weights of the C*-action on Lq at po and pi be r and r, 
respectively, where r 6 — Z. For 1 < s < m — 1, let the weights of the C*-action 
on Lj 1 (g) Oy s {— po) at po and pi be —1 and — respectively and let the weights 
of the C*-action on L s at p$ and pi be and ^ , respectively. 

For < s < m- 1, let 

1 



if'- = / e(V s ) 

Then %j 7 is a topological invariant and we have 

K' s - = 

when 1 < s < m — 1 and ks — for some 1 < i < 1(Tl). We will calculate K'% in 
section 4 by virtual localization. 

3. Orbifold Rubber Calculus 

3.1. The orbifold rubber integral H* Jji,V) m and wreath Hurwitz num- 
bers. Similar to the case of M- xl (yo,~p), a point [/] G M. x ~(yo,V, ~p) has target 
of the form 3^o[aO)Oi], where 3^o[ao,ai] is obtained by attaching 3M a o) and 3^o(ai) 
to yo at and 00 respectively. The distinguished points on 3^o[ao, a i] are q® and 
q\ . Let 7r : iVo[ a o, Oi] — > 3^o be the contraction to the root component. We always 
assume the ramification type over q^ ± is ~p and the ramification type over q® o is V. 
We will study the following kind of orbifold rubber integrals 

"xn^h*- |Aut(t7)||Aut(p)| 7^^,^/^^ J 

where V' is the target ip class, the first Chern class of the line bundle Lo over 
M* xrr (yo, ~p, V)//C* whose fiber at 

[f:C^y [ao, ai }] 
is the cotangent line T* a 3^o[ a Cb a i]- 

When 7 = 0, H* $ijl,V) m is just the disconnected wreath Hurwitz number [TJ] 
[55] , Note that \ < min{2/(7j), 2/(77)} and if 7 = 0, the equality holds if and only if 
V = —~p, where —fx is defined to be 

-71 := {(pi, -fci), • • • , (Mi^i), -fcioo)} 
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In this case vir.dim.M y (yo,Ji,l;)/ /C* = —1 and we set the convention that 



X,7 

where Z ¥ = | Aut(/l)|m'^ n!=i A**- The same convention is used in the study of 
wreath Hurwitz numbers since the Burnside formula for wreath Hurwitz numbers 
extends naturally to this boundary case. See [12] [33J for more details on the Burn- 
side formula and other combinatorial expressions of the wreath Hurwitz numbers. 
We define generating functions of -ff* ^{jl, T>) m : 

- L {- x +m + i{v))\ H '^ v)m 

Xe2Z,x<min{2/(7i),2;(F)} V A ^ ' X " 

where p + = (pJ J - ) ) ie z+ ,je{o,- ,m-i},P~ = {p^ i ^)i & z + ,je{o,-,m-i},x= (xi,--- ,x m - X ) 
are formal variables, pi = p+ • • ■ p+ . p~ = p~ • ■ • p7 x = 

and we use the more intuitive symbol 7! to denote | Aut(7)|. We will 
also consider the connected orbifold rubber integral 

"U ~ 1 Aut(77)|| AutODI J[M 9nW) //c^ { ] 
and the corresponding generating functions 

^2g-2+i(7T)+i(T 

(2g-2 + l(-p)+l(V))r^ 



3=0 



$°(\;p+,p-,x) m = %,v, 7 WmP±^= £ *p,J7(A;a:) m ^ 

Then we have the following relation: 

(1) $*(A;p+,p-,a;) m = exp($°(A;p+,p-,x) m ). 

Notice that although we take 7 to be a vector of nontrivial elements in Z m , the 
above construction of rubber integrals and their generating functions works for all 
7. In particular, we can apply our construction to the non-orbifold case. So we 
define 

x - nPl lAutMHAutMl JiM'^K^y/c^ ' 

H ° ( U1/ ). = (2g-2 + l^)+l( V )+n)\ f ,o 1 2 9 -2+IW+I(,) +i ,-i 
9 ' n ^' ] ' " |Aut(i/)||Aut(/*)| JiM^^y/c^ 
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We also define their generating functions to be 

$ *^" (A) = 2^ (-x + l(u) + IM + n)\ H ^ n ^ ^ 

$* (A; p+ , p~ , x) = ^ (A)p+p- -j. = ^ ;1/ (A; 

00 ^2g-2+/( Al )+;(i/)+n 

Then we also have the relation 

(2) *'(A;p + ,p-,x) - cx P ($°(A;p+,p-,x)). 

3.2. Calculation of H° (/J, V) m . In this subsection, we will first give a geometric 
interpretation of H* (JJ, 77) m . Then we will calculate our orbifold rubber integral 
H* (j[,V) m in two different ways: one is to express H'(ji,V) m in terms of the 
usual (non-orbifold) double Hurwitz numbers and the other is to give a combi- 
natorial expression of H'(jI,T') m using the representation theory of the wreath 
product. In what follows, we assume 7 to be a vector of nontrivial elements in Z m . 

3.2.1. A geometric interpretation of i?" 7 (/1, 77) m . 

Definition 3.1. For given 5, 7, /J, F, we fix 2g — 2 + l(p) + l(p) + £(7) different 
points on P 1 \ {0, 00} and define H° (j[,T7) m to be the count of degree md (d = 
\~p\ = \V\) covers / : C — > P 1 , with monodromy in the wreath product Z m I Sd 
(see |25j). with prescribed monodromy: the monodromy over and 00 must be 71 
and 77 respectively, the monodromy over each of the 2g — 2 + l(jl) + l(V) (fixed) 
points must be {(2, 0), (1, 0), • • • ,(1,0)}, the monodromy over the (fixed) point 
corresponding to 7* must be {(1, 7,), (1, 0), • • ■ ,(1,0)} and C/Z m is a connected 
genus g twisted curve. If we do not require C/Z m to be connected and require the 
Euler characteristic of C/Z m to be \i then the corresponding number of covers is 
denoted by iJ* 7 (7J,F) m . 

For n = £(7), consider the canonical map 

,n (It , /i, V) 

which forgets the orbifold structure. Then we have the following lemma which is 
completely similar to lemma 6 in |13j . 

Lemma 3.1. Consider p\M g ,y(y ,-p,vf)//C' : M gn (yo,~p,iy) -> A^ S ,„(P 1 , n, v), we 
have 

where 7= (71, • • • ,7„),/I= fci), • • • , (/i/^), fc ;(Al) )},77 = {(i^,^),--- , (^i(u),h(u))}- 
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Proof. Let [/ : (C, xi, . . . ,x n ,yi, ■ ■ • ■ ■ ■ ,Zi(v)) iFrah.ai]] be a point 

in Mg tl (yo,~p, V) and let (C ,x[, . . . ,x' n ,y' v - ■ ■ , y' l(JI) , z[ , ■ ■ ■ ,z' l(J7) ) be the coarse 

curve of C. The map / together with the projection map 3^ m [a0)«i] ~~ * P 1 [tto,ai] 
induce a map /' : (C, x[, y[, ■■ ■ , y' l(J[) , z{ , ■ ■ ■ , z' l(v) ) -> P 1 ^,^]. Then 

we have p([f\) = [/']. Conversely, given [/'], the map from C to P 1 is given by 
the composition of /' and the canonical map C — > C . So the preimage of [/'] 
is parameterized by the maps C — > B7L m with given monodromies 7, k, I at the 
corresponding marked points. Therefore, if Y^j=i Ij + Si=i + Sg=i lq ^ 0) then 
there are m 2a points in a fiber of p corresponding to the monodromies around the 
2g noncontractible loops on C . Since Z m is abelian, a Z m -cover has automorphism 
group Z m . So the degree of p is m? 9 ^ 1 . □ 

Recall that we have a branch morphism 

Br : Mg.niF 1 ,^ v) -> SymT 1 = P r 
where r — 2g — 2 + + l{v), and evaluation maps 

for i = 1, • • • ,n. The usual nonsingularity and Bcrtini arguments jlOj show that 
(3) 

Hg tl (p,v) m = / {poBr)*($t)-(poev{)*{pt) ■ ■ ■ (poev n )*(pt) 

I Aut(/x)|| Aut(u)\ J[M g ^(y ,ji.T7)]^ 

Localization calculations similar to those in [32] show that 

^ >7 lM^V- | Aut(l7) || Aut(p) | J^^^^ > 
In other words, we have 

Hg^^m = H° gri {-p,V) m . 

Similarly, we also have ff* 7 (/I, I7) m = H* n (p,V) m . 

Using the same localization calculations, the following identity holds 

(4) g°>^) = J [ Br*(pt)-ev* 1 (pt)---ev* n (pt) 

I Aut(/i)|| Aut(l/)| ^^^(pl^.^vir 

Lemma 3.1 together with ([3]) (j4]) and the nonsingularity and Bertini arguments 
show that 
(5) 

rro , s /y , * I Aut(^)|| Aut(/z)| 2o-lrjo / \ 

B g ^v) m - H g „<ji,v) m = 1 Allt(77) |, Al ,t,(77)| J ^^gfc.+E'SO 



(6) h° {n,v) = ————— / Br* (pi) = drm ( M , 



By the divisor equation, we have 
d n 

I Aut(/j)|| Aut(i/)| ^^(p 1 ,^)]™ 
and hence 

(7) H'U,v) = drH'U,v) 
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Another way to obtain ((6]) dTJ) is to use the degeneration formula. By equation 
(2.10) in [28], we have the following relation 

H X,n(^v)= Y] y^ H ' X .n-l-\S\( V ^) Z r n I T( \\\K Tl \ I / 

11 I Aut(/i)||Aut(7?)| Jptf ]s , ( r \ v ^)r 



Sc{2,— ,«} »? 



where = | Aut(7y)|r7i • • • ?7/(^), x' is chosen to make the second integral nonzero 
and tu is the Poincare dual of a point. But the only way to make the second integral 
nonzero is to set S = 0, n = [i and \' — 2?(^). In this case, we have 

1 r 1 

* / UJ = 1 

| Au%)|| Aut(?7)| 7[7w*, i|S|+1 (pi^, M )] v ' r \ Aut (v)\ j~{ Vi---Vi(v) 
Therefore we have 

where d — = \v\. Repeating this process for n times, we obtain ([7]). 

In conclusion, equations (JTJ) ([5j) (|6]) completely determine the orbifold rubber 
integral H* 7 (]I,V) m . 

3.2.2. A combinatorial expression of H* (ji, V) m . Let (l> m )d denote the wreath 
product Z m I Sd (see [25.). Any Z m -wcightcd partition Ji with \ji\ = d can be viewed 
as a conjugacy class in Z m I Sd- By the geometric interpretation of if* (/I, v) m , it 
is easy to show that H' n (jJ,T') m has the following algebraic definition: 

H^ n (jL,V) m = j— — r— r|{((70)O'oo)C r l) • • • ,oy,Wi,- - • ,W„) € (Z m )' rf l+r+2 |cr cr oo -O'i • • (J r -CJl = 1} 

such that <7o has type Ji, has type v, ci , • • • , ay have type To and LUi has type 
p 7i , where 

r = {(2, 0),(1, <)),••• ,(1,0)} 

and 

^ ={(1,7,0,(1, 0),». ,(1,0)}. 
Let C[(Z m )d] be the group algebra associated to (I> m )d and ZC[(Z m )d] the center 
of C[(Z m )d]. For any Ji, define Cjt £ ZC[(Z m )d] to be the sum of elements of type 
Ji. Then by the above algebraic definition of i/* 7 (ji,T') m , we have 

where r = 2g — 2 + Z (7^) + l{p) and for any x 6 C[(Z m )rf], means taking the 
coefficient of the identity element. 

The center ZC[(Z m ),j] is called the class algebra since it has a basis 

{Gji}\-jZ\=d 

indexed by the conjugacy classes. On the other hand, ZC[(Z m ),j] also has a semisim- 
ple basis 

{^}|f|=d 

indexed by the irreducible representations of (Z m )j. We have 
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and 

\(\=d s |£|=d 

where X-g and dim£ are character and dimension of the irreducible representations 

of {"L m )d associated with £ respectively and Fj(p) = ^ C ^r^— ■ 
Therefore we have, 



1 



i^r[i](E w%)(E W^)(E w^r'ncE 

lfl=d I€|=d \(\=d 1=1 \(\=d 

1 _ i(7) 

TTg-yr [1] E (WW^) r jl^))^ 
X-(JI)X-(V) 



e r 7 wn^) 



iei=d M 



where in the fourth identity we used the fact that [1]E^ = |^ m 9 , , 

In order to compute i'V(To) and i*|-(p 7i ), we need to introduce some notations 
(see [25j). For any Z m -weighted partition /J, we can decompose ~p into the following 
form 



JI = 71(0) U • • • U 7t(m - 1) 

where ~p(i) is weighted by the single element i e Z m i.e. /Z(i) = {(fj,(i)i,i), • • • , , *)}• 

We denote the underlying partition of Jl{i) by For any d > 1 and fc € Z m , let 
Pd(k) be the (i t?l power sum in a sequence of variables yk = (y( n .k))n>i- For any 
partition fx = {fix, ■ ■ ■ let p Al (fc) = ■ • -Pn iw (k). For any Z TO -weighted 

partition /J, let 

Then the elements Pjr, \~p\ > 1 form a basis of the following ring 

A m = C{p d (k)}d>i,k£i, m - 
We define a bilinear form (■, ■) on A m by setting 

On the other hand, for any irreducible character a of Z m and any c? > 1, we can 
define 

p d (a) = £ ^W)- 
£ — ' m 
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Let ai(k) — e ™^ , k € Z m . Then {ai|0 < i < m — 1} is the set of irreducible 
character of Z m and we have 



Pd 



(fc) = 2J a l (-k)p d (a i ). 



If we regard as the d th power sum in a sequence of variables y a — (y( n . a ))n>i, 

then for any partition (j, we can define the Schur function s M (a) = s M (y Q ). Therefore 
for any Z m -weighted partition ~p, we can define the Schur function 



m — 1 



i=0 

and Src, [p\ > 1 also form a basis of A m . 

The following proposition can be found in |25| 

Proposition 3.2. For any 'L m -weighted partitions ~p and £, one has 

(s 1 ,p TC ) = x I (p). 

In particular, if we define e to be 

e = {(l, ()),••■ ,(1,0)}, 

then for |£| = |e| = d we have 

m— 1 m— 1 i . "T/ -\ 

dim^(i) 



dimt = X I (e) = (S I ,P e ) = (S I ,(J2pi(.a t )) d )=d\ JJ — 



f= X o l«0l 

When m = 1, i*¥(To) can be computed in the following proposition (see Example 
7 in page 117 of |25j): 

Proposition 3.3. Let £ 6e an ordinary partition of d > 1. TTien 

w/iere k c = &(& — 2i + 1) and t = (l rf - 2 2). 

Now let us compute Fj(tq) and F^p^) by proving the following lemma: 
Lemma 3.4. 



i=0 
m— 1 



= £l£C?)l 

J=0 



2 ' 
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Proof. Let |£| = |t | = |p 7l | = d, dj — — 0, • • • , m — 1. Then we have 
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X ? (r ) = (S^P To ) = (US- m ( ai ), Pl (0) d - 2 P2(0)) 

m—1 m—1 m—1 

= <n %)("i),(EfiK)) d_2 (E^( a '))> 

i=0 j'=0 Z=0 

- («-2>rf e ('n %,.,(-)■ n yi t:f 

- w-a.£(n^w.n w yy 2 ;^)> 

^ ! {di-mi{di-i) 

m—1 m—1 -r, 

^ m—1 

= did-T) dimI ^ K -^ 



where in the sixth identity we used Proposition 3.3. Note that |C(/i)| = ^ z ^ d l for 
any Z m -weighted partition ~p. So we have 



dim£ 2(d-2)!m d - 1 dim^ ^ 2 
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which proves the first identity. For the second identity, we have 

m— 1 

X&hi) = (S 1 ,P P J = {l[S 1{a) (a a ),p 1 (0) d - 1 p 1 (v)) 

m—1 m—1 m—1 

= (II % B) K).(E^( a i))"(E a 'Hi)ft(«i))) 



a=0 j=0 1=0 

m—1 m—1 



;=o a=o ^ a ^ ^ 1J ' 

= (d- 1)1 E n<^b-)( a i)' gl ^)<%)( a 0,"K-7i) g ^^ Pi(ai)) 

r , i y V 1 TT dim ^ J ) Qi(-7i)dim^) 
1 ; Z^ll d ! (dj-1)! 

m—1 m—1 ,. "t / -x 

m—1 



^ m—i 



□ 



Note that |C(p 7i )| = Kf^Lil = (d fffi md - d, so we have 

dim£ ^ 
which proves the second identity. 

We summarize the above computation in the following theorem 
Theorem 3.5 (Burnside type formula for H'(~p,V) m ). 

„ Xj(jl) Xj(V) '™ 

ff- i7 (M,F) m = ^ i_ t_ ^(rorn^W), 

where i^(r ) = E^o* ^ a«d i^(p 7i ) = E^ 1 Vm^^ ■ 

If we consider the generating function $il_(A;x) m defined in section 3.1, it is 
easy to obtain the corresponding formula for $1_(A; x) m : 

(8) ^(A;x) m = £ "f'f ^n^ 



l«l=d 



i=l 
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4. Virtual Localization 
In this section, we calculate K^-p by virtual localization. 

4.1. Fixed points. The connected components of the C* fixed points set of M. 7 (D4) ~p) 
are parameterized by labeled graphs. We first introduce some graph notations which 
are similar to those in [2Tj . 
Let 

[/ : (C,x u - ■•,x n ,yi,-" >Vi(jq) -> ys[a] ] £ M' xn (y s ,~p) 
be a fixed point of the C* -action. The restriction of the map 

f = n s [a]of:C^y s . 

to an irreducible component of C is cither a constant map to one of the C* fixed 
points po = 0,pi = oo or a cover of y s which is fully ramified over po and Pi- We 
associate a labeled graph V to the C* fixed point 

[/ : {C,x 1 ,...,x n ,yi, ■ ■ ■ ,yi(jz)) -> y s [a] ] e M Xtl (y s ,~p) 

as follows: 

(1) We assign a vertex v to each connected component C v of f~ 1 {{po,Pi}), a 
label i(v) = i if f(C v ) — pi, where i = 0, 1, and a label g(v) which is the 
arithmetic genus of C v (We define g(v) = if C v is a point). We assign a 
set n(v) of marked points on C v . Denote by V(T)^ the set of vertices with 
i(v) — i, where i = 0, 1. Then the set V(T) of vertices of the graph L is a 
disjoint union of V(T)^ and y(L)W. 

(2) We assign an edge e to each rational irreducible component C e of C such 
that f\c e is not a constant map. Let d(e) be the degree of f\c e and 1(e) 
the monodromy around the unique point on C e which lies over p\. Then 
f\c e is fully ramified over p and p\. Let E(T) denote the set of edges of L. 

(3) The set of flags of L is given by 

F(T) = {(«, e) : v e V(r), e e £(r), C„ n C7 e ? 0}. 

(4) For each v £ V(T), define 

and let V(v) be the Z m -weighted partition of d(v) determined by {(d(e), 1(e)) : 
(v, e) £ F(T)} and let v be the Z m -weighted partition of d determined by 
{(d(e),l(e)) : e £ E(T)} . When the target is 34[°L where a > 0, we as- 
sign an additional label for each v £ V(r)W: let ~p(v) be the Z m -weightcd 
partition of d(v) determined by the ramification of f\c v ■ C v — > y s [a] over 

(a) 
Pi ■ 

Note that for v £ ^(r)^ 1 ), V(v) has the same partition but the opposite mon- 
odromies with the Z m -weighted partition of d(v) determined by the ramification of 
f\c v ■C v ^y (a) oveipfl 

For any e £ E(T), consider the map f\c e '■ C e —¥ y s . If the monodromy around 
the unique point on C e which lies over p\ is 1(e), then by Lemma 11.13 in |12j . the 
monodromy around the unique point on C e which lies over po is —1(e) — d(e)s. Let 

w s d{e) (l(e))=-l(e)-d(e)s. 
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Similarly, for any Z m -weighted partition v — {{v\, h), ■ • • , {vu v ), h(v))}> let 

w s {V) = {(vL,w s Vl {h)),--- ,( v m> w l lM {k{v)))}- 

Let .A/f^. be the moduli space of C*-fixed degree Vi covers of y s with mon- 
odromies 1^ and u^.(Zj) around oo and respectively. Let 

■W = {(X ^ 1 ^^ ^ 1 )^ ^ 1 G 2Z,|F| = |7J|,7°U 7 1 = 7 , 
-X° + 2/(17) - x 1 = -X, -X° + 2107) > 0, -x 1 + + iCTO > 0}- 

Then the C* -fixed locus can be identified with 

U (^°, 7 °-<(i)(# Z m) Xjbz^ M (^.»0 x ' ' ' x ^(^m-iiw) 

(X ,X I ,«,7 .7 1 )eJ x , 7I , 7 

x jtep ^* 1 .7 1 (^o ,-V,-p)//C*)/ Aut (17) 

where IBZ m is the rigidified inertia stack of BZ m , I — (li, • • • , luu)) and w £(0 = 
(wt ± 0i)> ■ • • i ^J,^] ih(v))- Therefore, we can calculate our integral over 

□ M' x o^_ wl{l) (BZ m ) x M' xl ^(y ,-V,Jl)//C* 

(X°.X 1 ,^7°.7 I )eJx.7r.7 

provided we include the following factor 



_J_TT— (-)(-) 
I Aut(i/)| ^ mi/, 6j Cj 



where h = gcd ^ di) and Cj = gcd(m " ; ^ are the orders of k G Z m and lo^.ft) e 
Z m respectively. 

We will use the following convention for the unstable integrals to simplify our 
expression 



1 1 



M 0A0) (Bz m ) I -dip md 2 
1 1 



•/vF , (c ,_ c) (Bz m ) (1 - diVi)(l - d 2 ip 2 ) m(di + d 2 ) 

1 1 



/_ 

J M 



o,(c,-c)(BZ m ) (l-#l) 



4.2. Contribution from each graph. Calculations similar to those in section 4 
of [35] show that 



ec* (iV? ,r ) 
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where 



A 



A 1 



rn^n 



n ^Wl^JHS^.,, ^A^(r U )A^ V ((-r- l)u)A^ )( .) 
wev(r)C) 

(tu(t + l) U )£(«..)eF(r) «o,i(.)-«« ( U )IW«))-1 

_i"( 7 r)- ( ' (J r)-2 £ ieA „ M & ; the targ et is ^ 



-X 1 +!Cp-) + !(^) + i(7 1 ) 



gcd(m,/i) 



the target is }b H , a > 



where 



S v = 



1, if all monodromies around loops on C v are trivial 
0, otherwise. 



For 1 < s < m — 1, we have 



fo c .(n _ ,o ,i 



where 



Al = 



i{v) i{v) ™, , K z (h) 



• JJ (V^T)i^)i+ i (^))- 2 ( H ^+s'LT )) 

wev(r)«>) 



.(-l)*«(0)^ ( »' e)6F(r) 5 °-5(e)W e »- 5 "( U ) 2(E ( 

-^"(F)-i'(F)-2E ie A"(7i) ^/su\-;'(7Z) 
1 V m > ' 



<W ) E< " 
.("(JT)- 



e)Ef(r) <5o,t»« (e) (I(e))-«t,)+i(f(f))-l 



the target is X 
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4.3. Proof of Theorem 1. 



K'°- 

XiA»>7 



e(V°) 



|Aut(//)| J^^y^y 

1 y 



1 l & 1 
1 TT— (- 

|Aut(F)| 11 my," 1; 



/ 



=1 

ifec.(V°) 



l )xJW*i, 7 i(y ,-^M)//c*]^' e c -(iV^ ir ) 



= V-l 



■d+i"(p)-i'(p)-2 £ ieA „ 



■_ v- -i ™ 

(X°,X 1 ,^7°,7 1 )eJx,-,T 



1 



/ # (_^Y r )- x 1 +;(^)+i(7i)+K7 1 ) 
^• 0)57 , 7 o(r) m ■ Z- ( _ x i + ; (77) + ; (7l))! ^, 7 >(^-")tn 

Define the generating function i^°(A; x) to be 



■'(7 1 )-2E„.^iir 



Then we have 



M=\n 

Let t = we have 

K^(X;x) = G' JT (X;0;x). 

Define G d (r) = (G^{X;T;x) m )\ v \ =d and G d (0) = (G£-(A; 0; x) m )\ji\=d to be two 

column vectors indexed by 77 and JL respectively. Let 3>cj(t) = i^d'' ' i T ))\Ti\=d,\T7\=d 
be a matrix indexed by V and ~p, where 



2(m-l) 



•^m— 1 )r 



$£"(t)=^_W-V-1tA;V-1 "ari.-'-.V-l ""a*,---,- 



1 2(m-l) 
"1 ^m— l)r 

$d(r) is invertible because if we view its entries as elements in C[[A, x]] then only 
the diagonal entries have constant terms. So we have 

(9) G d (r) = Mr^GdiO) 

By the orthogonality of characters and ©, it is easy to see that 

(10) $*_(A 1 + A 2 ,x) m =^$' )f (A 1 ,x) m %$l ? _(A 2 ,aOm, 



and 
(11) 

Therefore, ([9]) is equivalent to 

(12) G^(A;r;x) m - £ G^(A; 0; x) m Z^'_ v ,n( V^TrA; x) m , 

1*1=17*1 
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1 z_ 1— — 

where x = (V—l m xi,--- ,\/—T m Xi,--- , v 7 — T m x m -i). This finishes 
the proof of Theorem 1. 



2(m-l) 



4.4. Proof of Theorem 2. For any 1 < s < m — 1 and ^ 0, we have 

hi 

. ry / e(V) 

|Aut(M)| ypcr (y.,p)]vir 



= K' s - 

X,ju>7 



V 1 TT— (-)(-) 

I Aut(p)| {xW ^ i)eJx ^ I Aut(F)| 11 b t 

r iiec.(V>) 
J[A7;o i7 o_ ro 3 (() (ez m )xA7^i >T i(^,-i7,7i)//c*]- i -- e c *(A r /lr ) 
^ = jtJ+i"(p)-i'(P)-2(A| P |+j: i6A „ (m ^),_f_j_i'(p) y- 



m 

( x o, x i,r, 7 o i7 i) e j Xi7Ii1 



/ . (_ vEi£)-x 1 +'(^)+;(7r)+i(7 1 ) ^ _ _ i(7 i } _ 

G '* ,-» s (T7), 7 ( )™ ' z ~ — ^-1—77=7—77-7^ — H' lnl (Ti, -v) m ■ v^T 



Define the generating function K±- S (\;x) to be 

K-(X;x) = ^/TX _(d+r ' (7r)_r(7r)_2( - l7r|+s ^- 4 "(-) ™V (±y' m ^ \-x+i(.-p)+i(-Y) £l 



X,7 

Then we have 



m' ' 7! 



(13) = ^ s (A;:r) = ]T Gl tuS(77) (A;0; a ;) m Z- ( f>-_ 77!7I (-^^A;i) m , 

1*1=17*1 

]_2i 1 2(m-l) 

where x = (v— T m xi, - ■ ■ , V — 1 m £»> ■ " " , \/ — 1 m ^m-i)- 

Now notice that when fcj = for some ie {1, • • • , /(/J)}, if G 3 jr, 7 (0) m is nonzero, 
then the following two conditions must be satisfied 

(1) m = 1. 

(2) 7 = 0. 

Let be the connected component of A4 g jQ)(BZ m ) such that the monodromies 
around the 2g noncontractible loops are trivial. Then 



G<,.{(d,O)}.0(O)m = -V^T + / 



M 1 - dipt 



There is a canonical map p : A4 — > A4 Sl i with degp = -jj. On the other hand, we 
have 

T?U\ r*j T?U V I ^ TV.ll 

& \M = & \M = & \M- 

Therefore 

r m v^l rf+1 f A^(0)A 9 V (-1)A^(1) 



A4 9 ,i 
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So we have 

r— jd+1 



G « d '°» (A;0;s)m = ~2mdsin(f)- 
Therefore, for any Ji with k\ = ■ ■ ■ = fc;(jr) = we have 



(u) G ^;°;^=u^n 



Km) / 



1^1 = 



Now for any -w s (j7), let? = {K -<ft))K 4 ft) = 0} and 7; = {fa, -w a v . (/*))!< ft) 7^ 
0}. Then -iw s (F) = £ U fj and 

(15) C-to s (F) (^i 0j 2 ; )m = G|-(A; 0; x) m G^(X' 1 0; x) m 

because of condition (1) above. Let fj = /ii), • • • , (?7i(^), ^i(7j))} with hi, ■ ■ ■ ,/i>i(W) 
nontrivial. Let c = gcd(r7i, rji) and let /ii G {0, • • • , c — 1} denote /ii(mod c). Let 

%={se{l,"',m- 1}| - hi + rjis = —hi e Z.,„} 

Then we have 

c-1, if /i x G{1,--- ,c-1} 
c, otherwise 

If we view as a subset of {1, • • • , m — 1}, we can give an order: = 
{si, • • • , S| S _|}, Si < Sj if i < j. Define s(rj) € to be 

, s _ ( Sfa, if fti e ,c— 1} 

' 1 s /ii+i! otherwise 

Let 

^ = {vM<d,l{rj) = l"m 

C d = {(/J, S )| M = 77, * = *(rj), ^1 - 0, - W s (/I\ {(mi, fci)}) = »j \ {fax, fc)}> \v\ < d, K^) = 

1 _2i 1 2(m-l) 

Let i = (V— 1 m %i> • • • , v 7- 1 m ^i, • • • , v 7- 1 im-i)) then we define 

Pd = (~ _ G J ( < X ' ' x ^Z w , ( i ) ^'_ wS{1) -{ —*x)m)&,.)ec d 

lfl=lMl,K?)=''(f) 

and 

G d = 0; a;)m)77es d 

to be two column vectors indexed by (~p, s) and 77 respectively. Let 

$ rf (A;x) = ^f^(X ;x )) { - s)eCd - eBd 

be a matrix indexed by (/J, s) and 77, where 

0, i%| > |7*| 



We will show that ^(A; a;) is invertible over C((A, x)) in Appendix A. Then by ([13 
we have 

This finishes the proof of Theorem 2. 
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5. Examples 

In this section, we will compute the degree 1 and degree 2 % 2 Gromov-Witten 
vertices. Then we will use these results to compute some % 2 -Hodge integrals which 
appear in [30] . 



5.1. degree 1 case. The degree 1 Z2 Gromov-Witten vertex has been computed 
in [30) . We use our formula to recompute it and use this result to compute the 
degree 2 Z2 Gromov-Witten vertices in the next subsection. 

When d = 1 and m = 2, let x = 2 — 2g and n = then we have 

H' n (-p,V) 2 = H° gl {%v) 2 

= ^ , ( ^±H ) 2 2fl - 1 if° »({(!)}, {(!)}) 

= ^, ( »±^ > 2 2g - 1 g°({(l)}, {(!)}) 

= ^o.o^n.( " +l 'j + ' 1 ;2 2g 1 

F- )7 ({(1,0)},{(1,0)}) = 5 , 9 ^(f>2 29 - 1 



In particular 



ff* ({(1,1)}, {(1,0)}) 



So we have 



{(1,0)}, {(1,0)} 



~-\;x) 2 



*{(!,!)}, {(1,0)}( ^-^;^)2 



1 



5o, ff *o,(i±i)2 2s 1 



1 . \x . 

2 cos( T } 

V— T . , Aa; 

sin — 

2 V 2 ; 



By theorem 2 



2 *{(i, 



'{(i,o)},{(i,o)}( ^— A ;x)2G* (1 1)} (A;0;x) 2 — -2$*(i ) i)} ) {(i ! o)}(-- 
By equation (fl"4")) 

G {(i,o)}( A ;°; a; )5 

Therefore, we obtain 



-A;a;)2G* (li0)} (A;0;a;)2 



1 

4sin(|) 



(16) 

By theorem 1 

G*( 1)1 )}(A;0;a;) 



G {(i,i)}(A;0;x) 2 = 



, tan( — ) 
4sin(f) 



, Air s 

T 



2$ {(ia)},{(i,i)}(- r > 



1A;x) 2 G* (1 1)} (A;t;x) 2 
+ 2$ {(i,i)},{(i,o)}(- r V^TA;a;)2G* (li0)} (A;T;x)2 
G {(i,o)}( A ;°; a; )2 = 2$^ (m)U(1i0)} (-t%/^A;x) 2 G* (1i1)} (A;t;2;)2 
+2 <i) {(i,o)},{(i,o)}( _ ' r v / -TA; a;)2G* (10 )}(A;T;x) 2 
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Similar to the computation above, we have $ ju rn m( — v-x/— -TA; x)2 = 5 cos(rAx). 
So the degree 1 framed vertices are given by 



G {(i,i)}(A;r;a;)2 
C*( 1:0 )}(A; r; x) 2 



1 sin(rAx) v— 1 cos(rAx) ,Aa; x 

tan(— ) 



4sin(|) 



4sin(|) 



2 , um K 2 

sinfrAa;) .As. cos(tAx) 

i — ^ tan — ) + 

4sin(|) V 2 7 4sin(|) 



5.2. degree 2 case. In this section, we compute the degree 2 Z 2 Gromov-Witten 
vertices for t = 0. Then we use these results to compute the predictions of the 
Z 2 -Hodge integrals in [30,. These results can be viewed as an evidence for the 
conjecture of the orbifold GW/DT correspondence in [30] . 

When d = 2, we only need to notice that all degree 2 double Hurwitz numbers 
are h ■ Then calculations similar to those in degree 1 case show that 



$ {(2,0)},{(2 : 0)}(- 



$ {(2,0)},{(1,1),(1,1)}< 



$ {(2,0)},{(2,1)}(- 



$ {(1,1),(1,0)},{(2,0)}(- 



$ {(1,0),(1,0)},{(2,0)}( 



$ {(1,0),(1,0)},{(2,1)}(- 



1-1 
~T~ 
f^l 

~T~ 
f-1 
~T~ 
f^i 
~T~ 
f-i 
~T~ 
f=i 



1 



{(1,0), (1,0)}, {(1,0), (1,0)}* 



$7 



{(1,1), (1,0)}, {(1,0), (1 



,o)}(" 



$7 



{(1,0), (1,0)}, {(1,1), (1,1)} 



2 

f^i 



A;x) 2 
A;x) 2 
A;x) 2 
A;x) 2 
A;x) 2 
A;x) 2 
A;x) 2 
A;x) 2 
A;a;) 2 



i cos(A) cos(Aa;) 



'-1 



sin(A) cos(Air) 
■ cos(A) sin(Aa;) 



— — sin(A) sin(Ax) 



■ sin(A) cos(Air) 



— — sin(A) sin(Ax) 
8 



16 



16 



(cos(A) cos(Ax) + 1) 



1-1 



cos(A) sin(Ax) 



(cos(A) cos(Ax) — 1) 



By equation (fT5|) . we have 



4G {(2,1)}( A ; °; 2; )2*{(2,l)},{(2,0)}( Y~ A ' ^ 2 + 4G «2,0)}( A ; X ) 2 ®{(2,0)},{(?fl)}(~ 

+8 ( 2{(i,i),(i,i)}( A ) 0;a;)2${(i i o) J (i ) o)},{(2,o)}( Y~ A;a; ) 5 
+4G f *( 1)1 ) i ( 1)0 )}(A; 0; x) 2 $* (1 ^ i),(i,o)}, {(2, o)}( _ "^~ A ; x )2 



-8G7 



{(1,0), (1,0)} 



(A;0;a;) 2 $! 



{(1,1), (1,1)}, {(2,0)}* 





I; 


>;x) 2 


2 










2 




2 


I; 
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1=1 



= 4G {(2a)}( A ;°; 2: )2*{(2,i)},{(i,o),(i,o)}(- J1 2^ A ; 2: )2 



" 4 ^{(2,o)}( A ; °; a; )2 <I '{(2,o)},{(i,o),(i,o)}( — ^ ; 



-1 



+^^{(i,i),(i,i)}( A ; 0; a ; )2 < i 5 {(i ! o),(i,o)} : {(i,o) : (i,o)}( 2~ ^' x -* 2 

+ 4( ^{(i,i),(i,o)}( A ; 0; a; )2 < i ) {(i,i),(i,o)} : {(i,o) : (i,o)}( _ "^~ A ; ^ 
+^^{(i,o),(i,o)}( A ; 0; a; )2 < i 5 {(i,i),(i,i)} : {(i,o) : (i,o)}(~"^~ A ! x )2 



By equation ([14]) ((T5j) ([l6])we have 

G {(2,o)}( A ;°; x )2 = 

G {(i,o),(i,o)}( A ; 0; x) 2 = 

G {(i,i):(i,o)}( A ; 0; x) 2 = 



-1 



8sin(A) 
1 

32 sin 2 (|) 

\/— T Ax x 

16 sin (# J 2 



Therefore the two nontrivial degree 2 vertices are given by 



1 / Ax \ cos(Ax) + cos(A) + 1 
- tan( — j — 



G *(i,i),(i,i)}( A > 0; x ) 2 



8 2 sin(A)(cos(Ax) + cos(A)) 
1 



1 



16 cos 2 (^) (cos (Ax) +cos(A)) 32shr(f) 



tan 



, Ax, 



Now we use these two vertices to compute the predictions in [30] . The following 
Hodge integrals are defined in [3D]: 



G(l,g): = J2 - 

7 JM g ,-,(BI. 2 ) 



A^(0)A^ V (-1)A^(1) x 1 ^- 1 

h-h a(7)-i)! 

= y AV^(0)Av^ v (^l)AV- 1 (l) g%)-a 

^JmsM^) (!-&)(!-&) (i(7)-2)l 



where 7=(l,---,l)isa vector of nontrivial elements in Z 2 . 
Notice that 



G {(2,i)}( A ;0;x) 2 = G* (2 1)} (A;0;x) 2 

G {(i,i),(i,i)}( A ;0;a;) 2 = G* (1 1)} (A;0;x) 2 - 2 G {(i4)}( A ; °! x )2 

1 



16cos 2 (^)(cos(Ax) +cos(A)) 
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So if we define ai(x), a,2(x), a^{x) to be the coefficients of A, A 3 , A 5 in G{( 2j i)}(A; 0; j) 2 
respectively, then we have 

G(l,l) = fa 1 W=|^8ec*(|) + ^sec 6 (|)<fa 
G(1>2) _ ^ W _|^(£>_|^<£ )+ 

G(1 ,3, _ |„ 3W= /_gi.,e C « ( £) + 5 L S ec»(|)-i S ec»(|) + £«c»(f)*. 

This gives the first three predictions in [30]. Similarly, if we define b\(x), b2(x), 63(0;) 
to be the coefficients of A 2 , A 4 , A 6 in G{(i,i),(i,i)}(A; 0; j) 2 respectively, then we have 

G(2,l) = -86 1 ( a; ) = i S ec 6 (|) 

G(2,2) = -86 2 (x) = T ^ se c 6 (|) + isec 8 (|) 

*<M) = -8W = ^sec 6 (|)-3Lsec«(|) + 5 L S ec-(|) 
This gives the next three predictions. 

6. The Gromov-Witten Invariants of the Local BZ m Gerbe 

Let X be the global quotient of the resolved conifold Tot((9(-l) © 0{-l) P 1 ) 
by Z m acting fiberwise by £ m and £~ respectively, where £ m = e m . Then <Y 
can be identified with Tot(L <8> Oy (-1) ® L^ 1 (g> Oy (-1) y ) where L is the 
tautological bundle on y . 

Define C* r , „ to be 

where 

is the universal domain curve and 

is the evaluation map. Let 

Jx4n = {{x\x\~P,l\l 2 )\x\x 2 € 2Z, |jJ| = d^ 1 U 7 2 = 7 , 
-X 1 + 21(JI) - X 2 = -X, -X 1 + 2l(-p) > 0, -x 2 + 2l(p) > 0}. 
Then by the degeneration formula (see [1]) 

(x 1 .X 2 ^,7 1 ,7 2 )6-'x,<i.7 

where if' ^ = |Au ^ ( _ )| Jj^» ^ - )]vlr e(V°), F° is the obstruction bundle on 
M' x jy , Ti) and Zjr = | AutGzjlro'W U'Sl Mi- Let 

^(a,*) = £a-*+^, 7 ^ 

X,7 
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Then we have 

C' d (X;x) = J2 (-l) d - l '^K^(\;x)Z JI K%(X- 1 x) 
\jz\=d 

where K^°(X;x) is defined in section 4.3. Recall that 
Therefore 

C' d (X;x) = J2 (-l) d - l ' (J1) G' jr (X;0;x) m Zj T G'_ Tl (X ] 0;x) m 

\n=d 

This finishes the calculation of the Gromov-Witten invariants of the local 
gerbe and hence finishes the proof of Theorem 3. 



Appendix A. The Invertibility of <b d (X;x) 
We first recall the definition of & d (X;x): 

MX;x) = (®f s) *(X;x))^ sKCdmBd 



where 



$(./*>s)i1 



and 



(X;x) 



0, 

Z™ 3 ( - rj ) ^ - w e ( _-p ( 



'-X;x) r 



m > m 
m = m 



E|^=| P |-|,|,i(5)=i'(?) G|(A;0; a; ) m ^ 3( _ (?u _ )) $-_ ws( _ ( - u _ )) _(-^A;5) m if|^| < | M | 



B d = {m<d,m = i"m 

C d = {(71, a)\» = V ,s = s(rj), fci - 0, -w s (]l\ {(ji U fcr)}) =v\{(r ]1 ,h 1 )}, \rj\ < d, l(rj) = l"(rj)}. 

Therefore, in order to show that $d(A; x) is invertible, we only need to show the 
matrix 

$ / d (A;o ; ) = ($f s) ' ,7 (A;a ; )) (7IiS)eC ,^ s , 
is invertible for every d > 1, where 

B' d = {rj\m = d,m = i"m 

C' d = {(m, = »?,« = h = 0, - W s (m\ {(mi, fei)}) =rj\{(m,hi)}, \rj\ = d, l{rf) = l"(rj)}. 

( K * ••• * \ 

*,= *<■- ; ; 

: ' . ' . * 

V o ••• o $i / 

Now we will show that the determinant of the matrix ^(A; ^)|A=x 2 =---=x m _i=o 
is nonzero. For convenience, we will denote &' d (X; j)|A=x 2 =---=x m _i=o by <j?^(aii). 
Recall that 

^(X;x) m = ^ ( _ y + fm ) + f(l7)V g x,7(^ 1/ )">^f 
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So if the underlying partitions jj, ^ r], then the entry fy'^'^^ (xi) = 0. Therefore, in 
order to show that the determinant of the matrix & d (xi) is nonzero, we only need 
to show that for any fixed partition fi° of d, the determinant of the sub-matrix 



is nonzero. 



( ) 





V 



\ 



••• 

Let rj = rj\ {{m,hi)} and fi° = {$,■■■ Let c M o = gcd(m, /z?) and for 

any 1 < i < -P- define D l to be 



D*o - {.? € Z|(i - l) C/1 o < j < ic„o}. 



For fixed r\ and 1 < i < 



define 



C\ = {(71, s)|/i = ??, a = s{rj), ki = 0, -w s (jl \ {(m,ki)}) =fj,v = Mi i(»7) = I = V M G L> 4 }. 



f 1 :V 



Then we define the sub-matrix $' ^ (xi) of <3>' (xi) to be 

Lemma A.l. T/ie determinant of the matrix n ^ (xi) is nonzero 

Proof. If we view the entries of the matrix $' ^ (xi) as power series in C[[xi]l, 

_ _ ft °,v ,% 

(**>«)>»?/• 



then the lowest degree term of $^ (xi) is 



^(^)(-^)" ( ' llJjff 2/(7r),7(^)(M J -^(-^)) m 



rn 



n(hi)l 

r„ — 1} is independent of s = s(?y) and 



where n(hi) = w^-hx) = hx e {0, 
7(/ii) = (xi, • • • , xi) with Z(7) = n{h\). Also note that | Aut(r?)| = | Aut(w s (— r}))\ 
| Aut(— w s (— rj))\. Therefore, by the calculation in section 3.2, we have 



Aut(?7)||Aut(p)| 



= r |Aut(JJ)|m-'W^n , T 1 



i=l 



| Aut(??)| n{hl) 



Therefore, 



n(/»i)! 



m 



I Aut(7*)| 



n(/n)! 
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So the lowest degree term of dct($' „ ^ (x\)) is 

fj," ,r/ ,i 



n 



I Aut(7*)| 



n 



Aut(r?)|( 



n(/ti) 



n(/ii)! 



■ dot ( 



m 



7l(/l: 



U U .71 U 



Thus we only need to show dct (V^r 2 )™^ 1 ') 



is nonzero. But 

M >v m ,v 

this is a Vandcrmondc matrix with different s in different rows. So its determinant 
is nonzero. □ 

Now for any fixed column cforo of $' (x\ ) , there is a unique sub- matrix $' ^ to ) 
that intersects with this column. Then the degrees of the entries that lie in the 
intersection of and t>' ^ .( x i) are ^(^i) = ft? € {0, • • • , c M o — 1}. By the 
convention of the order of a Z m -weighted partition (see section 2.1), the degrees of 
the other entries of o^o are greater or equal to n{h\) (note that k\ is always 0). 

And the equality holds for an entry ' s ^ (xi) among those entries if and only 
if the following conditions hold: 

(1) There exists a j > 1 such that rf- = ?7?, ft? = ft!- and ft!- > ft?, where ft? and 
ft° denote ft,] 1 (mod c^o) and /i"(mod c^o) respectively. 

(2) Let f = rf\ {fa", ft°)}, then \ {(/*'i, fc'i)}) - and + rf>s' = 
-ft? G Z m . 

Then there is a unique sub- matrix $' „ (x x ) that intersects with the row that 



contains <f> 



(xi). By condition (2), ^ D l . It is easy to see that every 
entry that lies in the intersection of a^o and a row of $' ., (xi) has degree n(h\). 



*'o^ .(Xl) 



V * 



*:,o-,(^i) 



For every column ot^> that intersects with .,(xi), ft^ < ft? by our convention. 



But /i'j can not be equal to ft?, because otherwise h[ = ft 1 - by condition (1) and 



t]" 3 , a contradiction. So wc have h[ < 



the fact that /i^/i'i e • Hence rf 
ft?. In other words, condition (1) can not be satisfied for any entry that lies in 
a.j? but does not lie in (xi). So the degrees of these entries are strictly 

' fi °,r) ,i' 

greater than n{h\). By Lemma A.l, we can use the elementary transforms for 
matrices to convert (xi) to a ^a ., (xi) such that if we pick the degree 
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every n <J> ^ ^ to form a matrix, then this matrix is of the following 



n(/i' 1 ) terms of the entries in the column ajj> fl \&^ ^/o ^(xi) of \I> ^/o ., (xi) for 
every 
form 

/l ••• 

xi 



\ 







V o o 











In this process, the following two properties do not change: (a) For every column 
e%' that intersects with <j>' (xi), the degrees of the entries that lie in aw but 

do not lie in <&' (xi) are strictly greater than n(h\): (b) For every column 

otrji let <£>' ^ .(xi) be the sub- matrix that intersects with a^, then the degrees of 

the entries that lie in ajj but do not lie in <£>^ ^_.{x\) are no less than (or strictly 



greater than) n(hi). Now we can use the columns that intersect with * 



to cancel the degree terms of the entries that lie in the intersection of a^o 

and rows of ^ .,(xi). 



( 



*'o^o .(xi) 



V * 



X 1 



\ 



* -/o .,(xi) 



/ 



Since property (a) is preserved, this process will not change the degree n{h\) terms 
of the entries that lie in otjf> but do not lie in the rows of \I> ^/o ., (xi). In particular, 

the lowest degree term of det ( $' ^ (xi) ) does not change. Since property (b) is 

V H°,n ,i J 

preserved, we can repeat this process until for every fj all the degree n(h\) entries 
in otjr lie in the unique sub- matrix $' . ^ .(xi) (or \& ^ -(xi) if <&' ^ . (xi) has been 
changed) that intersects with o^. Therefore, if we denote the result matrix of 
$^ (xi) of this process by (xi), then the lowest degree term of det (^^(xi)) 
is the product of that of ^ Sxi) or ^of^xi) which is nonzero by Lemma A.l. 

So det ($^o(xi)^ is nonzero. 



In conclusion, the matrix $^(A;x) is invertiblc. 
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